Abstract. We give necessary and sufficient conditions for a Lagrangian submanifold of a Kähler manifold to be biharmonic (cf. Theorem 2.2). Furthermore, we classify biharmonic PNMC Lagrangian submanifolds in the complex space forms (cf. Theorem 4.8).
Introduction
Theory of harmonic maps has been applied into various fields in differential geometry. The harmonic maps between two Riemannian manifolds are critical maps of the energy functional E(φ) = On the other hand, in 1983, J. Eells and L. Lemaire [12] proposed the problem to consider the polyharmonic maps of order k: they are critical maps of the functional
where e k (φ) = 1 2 (d + δ) k φ 2 for smooth maps φ : M → N , where δ is the codifferentiation. G.Y. Jiang [14] studied the first and second variational formulas of the bi-energy E 2 (k = 2) which is written as 1) and critical maps of E 2 are called biharmonic maps. There have been extensive studies on biharmonic maps. Harmonic maps are always biharmonic maps by definition. Thus, one of our center problem is to find non-harmonic biharmonic maps. Recently, T. Sasahara classified [15] 2-dimensional biharmonic Lagrangian submanifolds in the 2-dimensional complex space forms.
In this paper, we first show the biharmonic equations for a Lagrangian submanifold M m of a Kähler manifold (N m , J, ·, · ) of complex m dimension (cf. Theorem 2.2). Next, we give necessary and sufficient conditions for biharmonic Lagrangian submanifolds in complex space forms (cf. Proposition 3.1). Finally, we classify biharmonic Lagrangian H-umbilical submanifolds of the complex space form (N m (4ǫ), J, ·, · ) which has parallel normalized mean curvature vector field (say briefly, PNMC) (cf. [1] , [8] ) (cf. Definition 4.3, Theorem 4.8).
In §1, we introduce notation and fundamental formulas of the tension field. In §2, we consider biharmonic Lagrangian submanifolds in Kähler manifolds and give necessary and sufficient conditions. In the complex space form, we give necessary and sufficient conditions in §3. In §4, we classify all the biharmonic PNMC Lagrangian H-umbilical submanifolds in complex space forms.
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Preliminaries
In this section, we give the necessary notation on biharmonic maps for later use. Let (M, g) be an m dimensional compact Riemannian manifold, (N, ·, · ) an n dimensional one, and φ : M → N , a smooth map. We use the following notation. The second fundamental form of φ is a covariant differentiation ∇dφ of 1-form dφ, which is a section of
If M is compact, we consider critical maps of the energy functional
is a locally defined orthonormal frame field on (M, g), and the inner product ·, · is a Riemannian metric of N . We also denote that ·, · is an induced metric φ * ·, · . The tension field τ (φ) of φ is defined by
Then, φ is a harmonic map if and only if τ (φ) = 0.
As for the bi-energy E 2 , G. Y. Jiang [14] showed the first and second variational formula. φ is called biharmonic maps if bitension field τ 2 (φ) vanishes, that is,
where R N is the curvature tensor field
the rough Laplacian, and ∇, the induced connection on the induced bundle φ −1 T N . The Gauss formula is given by 1) where ∇ N , ∇ is the Levi-Civita connection on N and M respectively, and B, the second fundamental form. The Weingarten formula is given by
where A ξ is the shape operator for a normal vector field ξ on M and ∇ ⊥ stands for the normal connection of the normal bundle on M in N . It is well known that B and A are related by
The curvature tensor R N on N satisfies Gauss Codazzi equation:
where ∇ ⊥ B is given by
) is a biharmonic isometric immersion, then M is called a biharmonic submanifold. In this case, the tension field is obtained as follows: τ (φ) = m H, where H is the harmonic mean curvature vector along φ. Thus, the bitension field τ 2 (φ) given as:
Therefore, φ is biharmonic if and only if
Necessary and sufficient conditions for biharmonic Lagrangian submanifolds in Kähler manifolds
In this section, we give necessary and sufficient conditions for a biharmonic Lagrangian submanifold in a Kähler manifold.
Let us recall a fundamental material on a Lagrangian submanifold of a Kähler manifold following Chen and Ogiue [10] . Let (N m , J, ·, · ) be a Kähler manifold, where J is the almost complex structure and complex dimension m and ·, · the Kähler metric, namely JU, JV = U, V and dΦ = 0, where
x , where we also denote that J is the almost complex structure on M , T x (M ) denotes the tangent space of M at x and T x M ⊥ the normal space at x. Then, it is well known that the following equations hold:
2) for vector fields X, Y ∈ X(M ), and
To show the biharmonic equations for a Lagrangian submanifold of a Kähler manifold, we need the following lemma.
an isometric immersion between Riemannian manifolds (M, g) and (N, ·, · ). Then it is biharmonic if and only if
where (·) T is the tangential part and (·) ⊥ the normal part.
Proof. Due to (1.2), we have
Thus, we have
Dividing this into the tangential and normal part, we obtain Lemma 2.1.
Then we obtain the following theorem.
is biharmonic if and only if the following two equations hold:
where Ric and Ric N are the Ricci tensor of
H (e i ), and so on.
Proof. The harmonic mean curvature vector H can be described as H = JZ for a vector field Z on M . Using (2.2) and (2.3), we obtain
B(e i , e i ), B(Z, X) Combining (2.9), (2.10) and (2.11), we obtain
Ric(JH, e j )Je j (2.12)
R N (H, e i )e i , e j e j (2.13)
Applying Lemma 2.1, we obtain the theorem.
Biharmonic Lagrangian submanifolds in complex space forms
In this section, we give necessary and sufficient conditions to be biharmonic for Lagrangian submanifolds in Kähler manifolds.
Let N = N m (4ǫ) be the complex space form of complex dimension m and constant holomorphic sectional curvature 4ǫ. The curvature tensor R N is given by
for vector fields U, V, W ∈ X(N ), where ·, · is the Riemannian metric on N m (4ǫ) and J, the almost complex structure of N m (4ǫ). Every simply connected complex space form is holomorphically isometric to either the complex projective space CP m (4ǫ), the complex Euclidean space C m or the complex hyperbolic space CH m (4ǫ) according to ǫ > 0, ǫ = 0, ǫ < 0.
Using Lemma 2.1, we obtain the following proposition which will be used in the next section.
is biharmonic if and only if
Proof. Using this and Lemma 2.1, we have the proposition.
Biharmonic Lagrangian H-umbilical submanifolds in complex space forms
In this section, we classify biharmonic PNMC Lagrangian H-umbilical submanifolds in complex space forms. First, we recall several notions.
B. Y. Chen introduced the notion of Lagrangian H-umbilical submanifolds [6]:

Definition 4.1 ([6]). If a Lagrangian submanifold in a Kähler manifold has the second fundamental form takes the following:
B(e 1 , e 1 ) = λJe 1 , B(e i , e i ) = µJe 1 , B(e 1 , e i ) = µJe i , B(e i , e j ) = 0, (i = j), i, j = 2, · · · , m,
for suitable function λ, µ with respect to some a suitable orthonormal frame field {e 1 , · · · , e m } on M , then it is called to be a Lagrangian H-umbilical submanifold.
Lagrangian H-umbilical submanifolds are the simplest Lagrangian submanifolds next to totally geodesic ones. Because it is known that there are no totally umbilical Lagrangian submanifolds in a complex space form N m (4ǫ) with m ≥ 2, we should consider H-umbilical Lagrangian submanifolds.
In this case, the harmonic mean curvature vector H can be denoted by
Hereinafter, we put a = We recall the Legendrian immersion and its fundamental formulas (cf. [17] , [18] ): Due to this theorem, we shall classify biharmonic PNMC Lagrangian H-umbilical submanifolds in complex space forms. We first give necessary and sufficient conditions for Lagrangian H-umbilical submanifolds in complex space forms to be biharmonic. 
Proof. We shall calculate the tangential part (3.1). Using Lemma 4.4, we have 
{(e i a)A Je1 e i + a∇ ei A Je1 e i } − a 2µ(e j a) + aλω 19) which yields (4.13) and (4.14). Next, we shall calculate the normal part (3.2). Using Lemma 4.4, we have
2(e i a)ω 
which yields (4.15) and (4.16).
From Lemma 4.6, we obtain the following. It follows that R(e 1 , e i )e i , e 1 = 0. Thus, by (1.4), we have ǫ = 0. By (4.4), we have e j a = 0, (j > 1). From this and (4.15), we obtain a = 0, which contradicts the assumption. Thus, we only have to consider the case of µ = 0. Then, we have Using these results, we shall classify all the biharmonic PNMC Lagrangian Humbilical submanifolds in complex space forms. When m = 2, letf be a Legendrian immersion such that f = π •f . Using the results of Hiepko (cf. [13] , [17] ), there exists a local coordinate system (x, y) on M such that the metric is given by g = dx 2 + G(x)dy 2 , for some function G(x) with
